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Abstract:
Recently it has been shown that infrared divergences in the conventional S-matrix
elements of gauge and gravitational theories arise from a violation of the conservation
laws associated with large gauge symmetries. These infrared divergences can be cured
by using the Faddeev-Kulish (FK) asymptotic states as the basis for S-matrix elements.
Motivated by this connection, we study the action of BMS supertranslations on the FK
asymptotic states of perturbative quantum gravity. We compute the BMS charge of the FK
states and show that it characterizes the superselection sector to which the state belongs.
Conservation of the BMS charge then implies that there is no transition between different
superselection sectors, hence showing that the FK graviton clouds implement the necessary
vacuum transition induced by the scattering process.
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1 Introduction
Since the pioneering work of Bloch and Nordsieck [1] it is known that in quantum elec-
trodynamics, a charged particle may emit an infinite number of soft photons with a finite
total energy below the energy resolution of the detectors. This gives rise, order by order in
perturbation theory, to infrared divergences in real emission processes which are known to
exponentiate [2]. The virtual diagrams are also infrared divergent and these contributions
exponentiate as well, implying the vanishing of the corresponding S-matrix elements as the
infrared cut-off is removed. The standard way to deal with these divergences is to sum up
physically indistinguishable (inclusive) cross-sections, order by order in perturbation the-
ory, which leads to their cancellation - the infrared cut-off being replaced by the detector
resolution. This Bloch-Nordsieck mechanism for the cancellation of infrared divergences
works also in perturbative quantum gravity and for appropriate processes in non-abelian
– 1 –
gauge theories. Even though physically sensible results are obtained in this way, a troubling
feature is that the S-matrix in the standard Fock basis is not defined.
In [3], Faddeev and Kulish developed a formalism which allows for the construction of
appropriately defined S-matrix elements. This takes into account the fact that the early and
late time dynamics in theories with massless gauge particles cannot be free. For example, in
QED, they observed that there are terms in the interaction Hamiltonian that arise from the
coupling of soft photons to creation or annihilation operators of a charged particle and give
a non-vanishing contribution in the limit t→ ±∞. The proposed solution was to construct
true asymptotic states which include multiple soft particle emission to all orders in the
coupling constant. Physically, these states describe dressing of the charged particles by
soft photon clouds. The standard Dyson S-matrix between these asymptotic states is then
free of infrared singularities. This Faddeev-Kulish method was extended to perturbative
quantum gravity in [4]. It should be noted that the Faddeev-Kulish construction is valid in
QED only for massive charged particles. In contrast, perturbative quantum gravity does
not suffer from this restriction because of the cancellation of collinear divergences [5]. In
this sense, the infrared behavior of gravity is simpler than that of QED.
Studies of the large time structure of gauge and gravitational theories have recently seen
a resurgence following the original work of [6–8]. In particular, an important realization
has emerged that the infrared sector of these theories is governed by an infinite dimensional
symmetry group generated by large gauge transformations [9–12]. In perturbative gravity,
for example, there are infinitely degenerate vacua which differ by the addition of soft
gravitons and are related by spontaneously broken Bondi-van der Burg-Metzner-Sachs
(BMS) symmetries. The infinite number of conservation laws associated with the BMS
supertranslations forbids the transitions between equivalent vacua, and this is interpreted
(for the case of QED see [13, 14]) as the reason of the vanishing of the Fock space S-matrix
elements for transitions involving soft gravitons. We have seen that the Faddeev-Kulish
(FK) asymptotic states were introduced to precisely take care of this problem. Since the
Dyson S-matrix is finite between the FK asymptotic states, the question that naturally
arises is, what is the relation between the FK asymptotic operator which generates the
asymptotic states and the BMS supertranslations? For the aforementioned interpretation
to be valid, it must be that the FK dressings implicitly induce transitions between the
degenerate vacua. This interpretation has been explicitly verified for the case of QED
in [13] and [14]. In this paper we extend and generalize their analysis to the case of
perturbative quantum gravity.
Related discussions have appeared in [15–17], where the authors study the factoriza-
tion of the hard and soft sectors in a scattering experiment, and the relation to BMS
transformations, with a special emphasis on the application of their results to the black
hole information paradox. In this paper, however, we study only the soft dynamics in the
asymptotic region of Minkowski spacetime. We would also like to mention the work of [18],
in which the relation between the soft and hard sectors was formulated using information-
theoretic tools.
The paper is organized as follows. In section 2 we review and generalize the FK con-
struction for perturbative quantum gravity. In particular, the construction of the asymp-
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totic states for arbitrary values of the BMS charge is outlined, and the cancellation of
infrared divergences for the Dyson S-matrix between these asymptotic states is explicitly
shown for arbitrary number of external matter particles. A requirement for this cancella-
tion is that the BMS charge for incoming and outgoing states must be the same. Certain
technical details are relegated to the appendices. In section 3, we review the structure of
BMS transformations and the construction of the generator of supertranslations. In section
4, we consider the action of BMS supertranslations on the vacuum state and on undressed
matter particles. Using these results, in section 5 we consider BMS supertranslations act-
ing on a FK asymptotic state. We show that the BMS supertranslations acting on a bare
particle and on the momentum-dependent part of its accompanying graviton cloud exactly
cancel each other, thus verifying the consistency of the relation between the FK states and
the action of the BMS supertranslations referred to in the previous paragraph.
2 Physical asymptotic states for gravity
Kulish and Faddeev have constructed physical asymptotic states in QED [3], following the
works of Chung [19] and Kibble [20]. The physical asymptotic states were constructed
by dressing the incoming and outgoing states with a coherent cloud of photons. This
formalism has been used in [4] to construct asymptotic states in gravity, which involve
coherent clouds of gravitons. Since we will be working with these states extensively, in this
section we present a brief overview of the work done in [4] and provide generalizations that
are relevant to our discussion.
Throughout this paper we will be working in the leading soft approximation, the eikonal
limit, when the spin of the matter particles does not play a role. Thus, our results are
equally valid for scalar or fermionic matter; however, to be specific, we will explicitly work
with a massive scalar field ϕ coupled to gravity. By expanding the metric about flat space,
gµν = ηµν + κhµν , (2.1)
where ηµν = diag(−1, 1, 1, 1) and κ2 = 32piG, one obtains the leading-order interaction
Lagrangian
Lint = κ
2
[
hµν∂µϕ∂νϕ− h
2
(
∂µϕ∂µϕ+m
2ϕ2
)]
, (2.2)
with h = hµµ = ηµνhµν . The fields ϕ(x) and hµν(x) can be expanded in harmonic modes
ϕ(x) =
∫
d˜3p
(
b(p)eip·x + b†(p)e−ip·x
)
(2.3)
hµν(x) =
∫
d˜3k
(
aµν(k)e
ik·x + a†µν(k)e
−ik·x
)
, (2.4)
where we have employed the shorthand notation
d˜3p =
d3p
(2pi)32ωp
, d˜3k =
d3k
(2pi)32ωk
, (2.5)
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with ωp =
√|p|2 +m2 and ωk = |k|. With our choice of normalization (which is different
from [4]), the creation and annihilation operators obey the commutation relations[
b(p), b†(p′)
]
= (2pi)3(2ωp)δ
3(p− p′) (2.6)[
aµν(k), a
†
ρσ(k
′)
]
=
1
2
Iµνρσ(2pi)
3(2ωk)δ
3(k− k′), (2.7)
where
Iµνρσ ≡ ηµρηνσ + ηµσηνρ − ηµνηρσ. (2.8)
We choose to work in the harmonic gauge (also known as the de Donder gauge)
∂µhµν − 1
2
∂νh = 0. (2.9)
We define the physical states as the subset of all the states in the Fock space that obey
the gauge condition (2.9). The gauge condition (2.9) translates into the Gupta-Bleuler
constraint on the Fock space(
kµaµν(k)− 1
2
kνa
µ
µ(k)
)
|Ψ〉 = 0 for all physical Fock states |Ψ〉. (2.10)
In the following we will discuss the construction and properties of physical asymptotic
states.
In [4], the Faddeev-Kulish formalism was used to construct an operator eR(t) that
projects the Fock space HF into the space of asymptotic states Has
eR(t)HF = Has. (2.11)
The anti-Hermitian operator R(t) is given by
R(t) =
κ
2
∫
d˜3p d˜3k ρ(p)
pµpν
p · k
(
a†µν(k)e
−i p·k
ωp
t − aµν(k)ei
p·k
ωp
t
)
, (2.12)
where t, the asymptotic time, is taken to be very large and ρ(p) = b†(p)b(p) is the number
operator of the scalar particle. For QED [3] and for gravity [4], it was shown that this
asymptotic space has a number of important properties including gauge invariance (lin-
earized general coordinate invariance). However, recent works [9, 10] have clarified that
the gauge invariance is only with respect to small gauge transformations. Large gauge
transformations, or those that do not reduce to the identity at time-like and null infinity,
are instead symmetries of the system. Among these, the ones relevant for us are the BMS
supertranslations. The space of asymptotic states is divided into superselection sectors,
each labelled by a BMS charge which is explicitly constructed in section 5. One problem
that arises is that in each superselection sector the operator eR(t) acting on the Fock states
creates an unbounded number of low energy gravitons. Noting that only the low energy
behavior of R(t) defines the space Has, we may introduce another operator Rf of the form:
Rf =
κ
2
∫
d˜3p d˜3k ρ(p)
(
fµν∗(p, k)a†µν(k)− fµν(p, k)aµν(k)
)
, (2.13)
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which is characterized by an infrared function fµν(p, k). This function will be different
in different superselection sectors, but its form is restricted as we will show now. The
restrictions come from the fact the eR(t) and eRf must describe unitarily equivalent spaces,
i.e.,
eRfHF = eR(t)HF = Has.
The constraints arising from these, which are discussed in [4] and in appendix A, make it
convenient to write fµν(p, k) in the form
fµν(p, k) =
[
pµpν
p · k +
cµν(p, k)
ωk
]
φ(p, k) (2.14)
for some function cµν(p, k), where φ(p, k) is a smooth function such that φ→ 1 as k → 0.
Depending on how we parametrize cµν(p, k), (2.14) might not be compatible with some
possible forms of fµν(p, k); for example the last parametrization used in [4], which reads
fµν(p, k) =
pρpσ
p · k 
−
ρσ(k)
+
µν(k) +
pρpσ
p · k 
+
ρσ(k)
−
µν(k), (2.15)
where ±µν(k) are the transverse, traceless physical polarization tensors of graviton:
kµ±µν(k) = 0 and η
µν±µν(k) = 0. (2.16)
However, since we will use explicit parameterization only as an example, our results will
be valid in general.
In addition, physical asymptotic states are subject to the Gupta-Bleuler condition
(2.10), which implies [
Rf , k
µaµν − 1
2
kνa
µ
µ
]
= 0, (2.17)
or,
kµfµν =
kµcµν
ωk
+ pν = 0. (2.18)
There are additional constraints on the function fµν , or equivalently, on cµν arising again
from the fact that eR(t) and eRf define unitarily equivalent spaces. In appendix A we show
that, to leading order in k, these constraints are
c∗µν(p, k) = cµν(p, k) (2.19)
cµν(p, k)I
µνρσcρσ(p
′, k) = 0 for all p and p′. (2.20)
Subleading corrections to (2.19)-(2.20) will only rescale the operator eRf by a positive finite
constant, and we could therefore absorb them in the normalization of the state.
With a cµν that satisfies (2.18)-(2.20), the graviton cloud operator e
Rf properly gives
us the asymptotic states
|Ψas〉 = eRf |Ψ〉 , (2.21)
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where |Ψ〉 denotes Fock states. It is convenient to interpret eRf as an operator that dresses
each scalar with its own cloud of gravitons. Indeed, this is seen most clearly by commuting
eRf through the scalar operators using [b(p), ρ(p′)] = (2pi)3(2ωp)δ3(p−p′)b(p). In this way
we obtain, for example
eRf b†(p1)b†(p2) |0〉 = eRf (p1)b†(p1)eRf (p2)b†(p2) |0〉 , (2.22)
where
Rf (p) =
κ
2
∫
d˜3k
(
fµν(p, k)a†µν(k)− fµν(p, k)aµν(k)
)
. (2.23)
One can parameterize the c-matrix as the following to exclude terms proportional to
pµpν ,
cµν(p, k) = a1q(µpν) + a2qµqν , (2.24)
where q(k) is some four-vector and a1, a2 are coefficients to be determined
1. This param-
eterization is similar to the one used in [13] for the case of QED. The gauge constraint
(2.18) then fixes the coefficients to be
a1 = − ωk
k · q and a2 = −
k · p
k · q a1 , (2.25)
and therefore we have
cµν(p, k) =
ωk
k · q
[
k · p
k · q qµqν − q(µpν)
]
. (2.26)
The constraint (2.20) then reads
cµν(p, k)I
µνρσcρσ(p
′, k) =
ω2k
(k · q)2 q
2
[
(k · p)
(k · q)q − p
]
·
[
(k · p′)
(k · q) q − p
′
]
= 0, (2.27)
and can be satisfied identically only if q is a null vector q2 = 0. In addition, since rescaling
q by a constant does not affect (2.26), we can assume that the time component of q is 1
without any loss of generality. As we will see later, the null vector q parameterizes the
space of superselection sectors, and the combination
cµν(p, k)±µν(k) (2.28)
is related to the conserved charge under BMS symmetry transformations. The BMS charge
therefore characterizes the superselection sector. A similar conclusion was drawn for QED
in [13]. In [4], the choice cµν(p, k)±µν(k) = 0 was made. This choice can be realized by
(2.26) with qµ = (1,−kˆ) and corresponds to a vanishing BMS charge.
The harmonic gauge condition (2.9) does not fix the gauge completely. BMS trans-
formations parameterize the residual leftover gauge freedom [6, 7, 9, 10], which is given
by
hµν → hµν + ∂µλν + ∂νλµ, (2.29)
1 We have used the following notation for the symmetric combination q(µpν) ≡ qµpν + qµpν .
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with the gauge parameter λµ satisfying the Laplace equation
λµ = 0, (2.30)
We review this in section 3. Here it is worth noting that under this residual gauge freedom
the infrared function fµν transforms as
fµν(p, k) → fµν(p, k) + k(µλν) − (k · λ)ηµν , (2.31)
with k2 = 0, which is also implied by equation (2.18). It was shown in [4] that the action of
eRf on a matter Fock state |Ψin〉 is invariant under (2.31) for small gauge transformations.
In the subsequent sections, we will scrutinize how the BMS transformation, in particular
the supertranslation, plays a role in the context of the asymptotic states.
We would now like to show that the S-matrix elements in the basis (2.21)
〈Ψasout| S |Ψasin〉 = 〈Ψout| e−RfSeRf |Ψin〉 , (2.32)
are free of IR divergence. This has been shown in [4] for a process between single-scalar
asymptotic states using a specific choice of cµν . In appendix B, we present a generaliza-
tion of this result; we show that the divergences cancel for a process between asymptotic
states with arbitrary number of scalar particles to all orders in the perturbative expansion,
provided that the c-matrices satisfy, to leading order in the momentum k,∑
j∈out
c(out)µν (pj , k) =
∑
i∈in
c(in)µν (pi, k), (2.33)
where “in” and “out” denote the set of incoming and outgoing scalar particles, respectively.
We briefly describe these results now.
First, note that from the work of Weinberg [2] we know that the amplitude M of a
process can be decomposed into
M = 〈Ψout| e−RfSeRf |Ψin〉 = AvirtM′, (2.34)
where Avirt is the IR-divergent contribution of virtual gravitons and M′ is the remainder
of the amplitude. In (B.80) we show that
M′ = AcloudM˜, (2.35)
where M˜ is the IR-finite part of the amplitude and Acloud is the divergent factor coming
from interactions that involve graviton clouds. The latter has the form
Acloud = (Avirt)
−1e−aC , (2.36)
where a is a positive constant, and
C ≡
∫
d3k
ω3k
ctotµν I
µνρσctotρσ with c
tot
µν =
∑
j∈out
cµν(pj , k)−
∑
i∈in
cµν(pi, k). (2.37)
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The factor e−aC derives solely from the interactions between graviton clouds. Since we have
the same c-matrices for both the incoming and outgoing states, by (2.20) the integrand of
(2.37) vanishes and C = 0. If we use different c-matrices, for instance cµν for incoming
and c′µν for outgoing states, then (2.37) readily generalizes to the same expression for the
integral with
ctotµν =
∑
j∈out
c′µν(pj , k)−
∑
i∈in
cµν(pi, k). (2.38)
If the condition (2.33) is not met, then C exhibits IR divergence and the amplitude will
vanish. Therefore to obtain a non-zero amplitude, (2.33) must be satisfied and C = 0.
It is worth noting that subleading corrections in the momentum k to equation (2.33) are
finite and can therefore be absorbed in the normalization of the states. The amplitude
thus becomes
M = AvirtAcloudM˜ = Avirt(Avirt)−1e−αCM˜ = M˜, (2.39)
which is IR finite.
3 The BMS group
3.1 Asymptotically flat spacetime
In this section we review the structure of asymptotically Minkowski geometry and BMS
transformations. We will follow closely the works of [9, 10].
Let us first define the retarded system of coordinates, which is related to the Cartesian
system by
r2 = x21 + x
2
2 + x
2
3, u = t− r, z =
x1 + ix2
r + x3
. (3.1)
The inverse relations are given by
t = u+ r , x = rxˆ =
r
1 + zz¯
(z + z¯, i(z¯ − z), 1− zz¯) . (3.2)
The flat Minkowski metric is then given by
ds20 = −dt2 + dx21 + dx22 + dx23
= −du2 − 2dudr + 2r2γzz¯dzdz¯ ,
(3.3)
where
γzz¯ =
2
(1 + zz¯)2
(3.4)
is the round metric on the unit S2.
Asymptotically flat metrics have an expansion around future null infinity (r = ∞),
whose leading order terms are given by
ds2 = ds20
+
2mB
r
du2 + rCzzdz
2 + rCz¯z¯dz¯
2 − 2Uzdudz − 2Uz¯dudz¯
+ . . . ,
(3.5)
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where
Uz = −1
2
DzCzz , Uz¯ = −1
2
Dz¯Cz¯z¯ , (3.6)
and the dots denote higher order terms. The Bondi mass aspect mB and the radiative data
Czz, Cz¯z¯ are functions of (u, z, z¯). We also define the Bondi news by
Nzz ≡ ∂uCzz , Nz¯z¯ ≡ ∂uCz¯z¯ . (3.7)
The I+ data mB and Czz are related by the constraint equation
∂umB = −1
2
∂u
[
DzUz +D
z¯Uz¯
]− Tuu , (3.8)
where
Tuu =
1
4
NzzN
zz + 4piG lim
r→∞
[
r2TMuu
]
(3.9)
is the total outgoing radiation energy flux. The first term of (3.9) is the gravitational
contribution while TM is the stress-energy tensor of the matter sector.
It is important to note that the metric in (3.5) is written in the Bondi gauge, which is
convenient for the presentation of the asymptotic solution but is not compatible with the
harmonic gauge. The transformation that relates the two gauges
hHµν = h
B
µν + ∂µξν + ∂νξµ (3.10)
obeys the following equation
ξµ =
1
2
∂µh
B − ∂νhBµν (3.11)
where the label H stands for Harmonic gauge and the label B stands for Bondi gauge. For a
detailed discussion on the relation between the two gauges we refer the reader to references
[21–23]. In the rest of the paper we will be working the harmonic gauge.
3.2 BMS supertranslations
As discussed in the previous section, after fixing the harmonic gauge there is still a residual
leftover gauge freedom given by (2.29)-(2.30). The gauge field λµ parameterizes the group
of BMS transformations. At leading order it is given by [21]
λµ∂µ = f∂u + V
i∂i +
1
2
(DiVi) (u∂u − r∂r) + . . . , (3.12)
where i = 1, 2 runs over the S2 coordinates, and the dots stand for subleading terms.
The function f(z, z¯) is the transformation parameter of supertranslations, and the 2-vector
V i(z, z¯) is the transformation parameter of super-rotations. In this paper we will be inter-
ested only in the supertranslations.
To study solutions to the Laplace equation (2.30), we use the hyperbolic coordinates
defined by
τ =
√
t2 − r2 =
√
u2 + 2ur , ρ =
r√
t2 − r2 =
r√
u2 + 2ur
, (3.13)
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ℐ--
ℍ3
dS3
Figure 1: Diagrams illustrating the causal structure of Minkowski spacetime, reproduced
from [24]. Left: the green lines describe hypersurfaces of constant ρ, and the grey line
is the world-line of a massive particle moving at a constant velocity. Right: hyperbolic
slicing of Minkowski spacetime. The slices correspond to constant τ hypersurfaces, where
for τ2 > 0 the resulting surface is the hyperbolic space H3 and for τ2 < 0 it is dS3.
with the inverse relations given by
u = τ
√
1 + ρ2 − ρτ , r = ρτ . (3.14)
The Minkowski metric then takes the form
ds2 = −dτ2 + τ2
(
dρ2
1 + ρ2
+ ρ2γzz¯dzdz¯
)
. (3.15)
An illustrative diagram of the causal structure of Minkowski spacetime is given in Stro-
minger’s lecture notes [24], which we reproduce in figure 1.
It was shown in [21, 25] that at τ →∞ the only non-vanishing component of λµ is λτ ,
lim
τ→∞λτ (τ, ρ, z, z¯) = λ˜τ (ρ, z, z¯) , (3.16)
In appendix C we study the two solutions for λ˜τ (ρ, z, z¯). At time-like infinity they asymp-
tote to
lim
ρ→∞ λ˜τ (ρ, z, z¯) = α(z, z¯)ρ (1 + . . . ) + β(z, z¯)ρ
−3 (1 + . . . ) , (3.17)
where the dots denote subleading terms in 1/ρ. The α-series is leading and do not vanish at
time-like infinity ρ → ∞. It is a Large Gauge Transformation. The β-series is subleading
and vanishes at time-like infinity. We also show that in terms of the radiative data, the α
and β modes are given by
α(z, z¯) = (∂zUz¯ + ∂z¯Uz)I++ ,
β(z, z¯) = i (∂zUz¯ − ∂z¯Uz)I++ .
(3.18)
– 10 –
The supertranslation charge (as well as the radiative data) is gauge-invariant to leading
order in r [21–23]. At null infinity I+ it is given by
T (f) =
1
4piG
∫
I+−
d2zγzz¯f(z, z¯)mB . (3.19)
Using the constraint equation (3.8) we can write
T (f) = Tsoft(f) + Thard(f), (3.20)
where we have the soft part, given by the boundary term
Tsoft(f) =
1
8piG
∫
d2z [∂zUz¯ + ∂z¯Uz] f(z, z¯), (3.21)
and the hard part
Thard(f) =
1
4piG
∫
dud2zf(z, z¯)γzz¯Tuu . (3.22)
The soft part of BMS supertranslations corresponds to the α-mode. The reason is that the
graviton’s zero-mode is precisely the pure gauge mode λµ. To isolate the BMS mode we
therefore have to impose the following boundary conditions
β = i (∂zUz¯ − ∂z¯Uz)I+± = i
(
D2zCz¯z¯ −D2z¯Czz
)
I+± = 0 . (3.23)
After imposing these boundary conditions, the Bondi news and the radiative data transform
as
δfNzz = f∂uNzz
δfCzz = f∂uCzz − 2D2zf
(3.24)
under supertranslations, and the action of the BMS charge is described by the following
Dirac (or Poisson) brackets
{T (f), Czz} = f∂uCzz − 2D2zf
{T (f), Nzz} = f∂uNzz .
(3.25)
Without imposing the boundary conditions (3.23) the result of the Dirac brackets would
be different. Imposing different boundary conditions will not change the Dirac brackets,
but will fail to identify the BMS mode correctly (at leading order the β-mode does not
contribute, but at subleading orders it will).
We would now like to express the generator of soft supertranslations in terms of the
creation and annihilation operators. Up to this point we have been using the Gupta-
Bleuler quantization, but for the explicit computation below we will go further and adopt
the canonical quantization in terms of the physical, transverse-traceless, components of the
graviton
aµν(k) =
∑
r=±
r∗µν(k)ar(k), (3.26)
– 11 –
where the momentum modes in the polarization basis obey the following commutation
relations [
ar(k), a
†
s(k
′)
]
= δrs(2ωk)(2pi)
3δ3
(
k− k′) . (3.27)
The transverse-traceless components of the polarization tensor can be decomposed as fol-
lows
±µν(k) = 
±
µ (k)
±
ν (k), (3.28)
and we will further use the following concrete realization for them
−µ(k) =
1√
2
(z, 1,+i,−z) ,
+µ(k) =
1√
2
(z¯, 1,−i,−z¯) .
(3.29)
Let us also note that the four-momentum of the graviton, being massless, is given by
kµ =
ωk
1 + zz¯
(1 + zz¯, z + z¯,−i(z − z¯), 1− zz¯) . (3.30)
Using this and the plane wave expansion (for example see Appendix A of [13]), we
write the radiative data as [10]
Czz(u, z, z¯) = κ lim
r→∞
1
r
hzz(r, u, z, z¯)
= κ lim
r→∞
1
r
∂zx
µ∂zx
νhµν
= − iκ
8pi2
γzz¯
∫ ∞
0
dωk
[
a+(ωkxˆz)e
−iωku − a†−(ωkxˆz)eiωku
]
.
(3.31)
The soft supertranslations generator (3.21) can then be written as2
Tsoft(f) = − 1
16piG
∫
dud2z
[
Nz¯
zD2zf +Nz
z¯D2z¯f
]
= lim
ωk→0
ωk
4piκ
∫
d2z
[(
a+(ωkxˆz) + a
†
−(ωkxˆz)
)
D2z¯f + h.c.
]
.
(3.32)
In this form it is clear why Tsoft is, indeed, described by soft gravitons.
4 Action of BMS supertranslation
In this section we study the action of BMS supertranslations on single-particle states, as
well as on the vacuum state, using the expressions obtained in section 3.
2We use that 1
2pi
∫
due−iωu = δ(ω). Note that since the ω-integration is over half the real plane we have∫ ∞
0
dω δ(ω)f(ω) =
1
2
f(0)
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4.1 Outgoing graviton
Using the expression (3.32) and the commutation relations (3.27), the action of the super-
translation generator on an outgoing soft graviton at future null infinity is given by[
T (f), a+/−(k)
]
=
8pi2
κ
1
γzk z¯k
δ(ωk)D
2
z/z¯f. (4.1)
Since we take a+/−(k) to be soft, it is the soft part Tsoft(f) of T (f) that contributes to
(4.1), and hence the delta function on the right hand side.
4.2 Undressed massive particle
The action of BMS supertranslations on an undressed massive particle has been studied
in detail by Campiglia and Laddha [21, 25, 26]. Here we briefly review this result. For
simplicity we take the particle to be a scalar, but to leading order the result will be the
same for particles of any spin.
The retarded system of coordinates (u, r, z, z¯) is useful to describe null infinity, and
therefore more convenient when we discuss massless particles. However, massive particles
reach null infinity only asymptotically (in the future), and to describe them it is more con-
venient to use the hyperbolic system of coordinates that we have introduced in subsection
3.2.
The canonically quantized massive scalar field is given by (2.3),
ϕ(x) =
∫
d˜3p
[
b(p)eip·x + b†(p)e−ip·x
]
. (4.2)
The creation and annihilation operators of the scalar particle obey the commutation rela-
tion (2.6), [
b(p), b†(p′)
]
= (2pi)3(2ωp)δ
3(p− p ′), (4.3)
where ω2p = |p|2 +m2. The phase factor is
x · p = τ
(
ρ xˆ · p− ωp
√
1 + ρ2
)
. (4.4)
At large τ the integral in (4.2) is dominated by a saddle point at p = mρxˆ,
lim
τ→∞ϕ(x) =
√
m
2(2piτ)3/2
[
b(mρxˆ)e−imτ + b†(mρxˆ)eimτ
]
, (4.5)
where the constant phase factors have been absorbed into the creation and annihilation
operators. Asymptotically, the scalar field transforms under BMS supertranslations as
δfϕ = λ˜τ (ρ, z, z¯)∂τϕ. (4.6)
The annihilation operator therefore transforms as
δfb(p) = −imλ˜τ (|p|/m, z, z¯) b(p), (4.7)
which is equivalent to the following commutation relation
[T (f), b(p)] = −mλ˜τ (|p|/m, z, z¯)b(p)
= −b(p)
∫
d2z
4pi
√
γ
m4(√
m2 + |p|2 − p · xˆz
)3 f(z, z¯). (4.8)
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4.3 Vacuum
BMS supertranslations give rise to a freedom in the definition of the vacuum. We define
the vacuum as the state that satisfies
a(ωxˆ) |0〉 = 0 , (4.9)
which applies, in particular, to a soft graviton annihilation operator. Alternatively, the
state T (f) |0〉 = Tsoft(f) |0〉, for any function f(z, z¯), could serve as the zero energy state
(note that the hard part inside T (f) annihilates the vacuum). Physically, this state differs
from the original vacuum (4.9) by the addition of a soft graviton. In this section we show
that these different choices are orthogonal to each another. More explicitly, we show that
acting with the generator of BMS supertranslations on the original vacuum (4.9) creates a
state which is orthogonal to any state constructed from the original vacuum
〈0|T (f)Ψˆoute−RfSeRf Ψˆin |0〉 = 0 . (4.10)
This implies that no physical process can transform the original vacuum into the new state
generated by BMS supertranslations. This is one of our main results in this paper.
We start by considering a scattering process with an emission of a single soft graviton.
The amplitude for this process is given by
Mk, soft = 〈out|e−RfSeRf |in〉
= 〈k, r|Ψˆoute−RfSeRf Ψˆin|0〉 , (4.11)
where3
〈k, r| = 〈0| ar(k) = rρσ(k) 〈0| aρσ(k) (4.12)
is the soft graviton state with polarization r. The scalar operators are given by
Ψˆin ≡
∏
i∈in
b†(pi) and Ψˆout ≡
∏
j∈out
b(pj), (4.13)
where “in” and “out” denote the set of incoming and outgoing scalar particles, respectively.
The soft graviton can connect to a diagram in three different ways:
1. Connect to an external scalar leg.
2. Connect to the graviton cloud e±Rf (or equivalently e±Rf (p)).
3. Connect to an internal leg.
These three options are depicted in figure 2. Contractions of the last type are IR-convergent,
and therefore will not contribute to the amplitude at leading order. The cloud also
dresses the soft graviton operator, but this dressing involves the scalar number operator
ρ(p) = b†(p)b(p) and will vanish by acting on the vacuum.
3We have used t · −r = δtr.
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Figure 2: Different ways to connect an external soft graviton to a scattering amplitude.
The first two diagrams on the left represent a soft graviton that is connected to an external
leg. The last two diagrams on the right represent a soft graviton that is connected to the
gravitons’ cloud. The diagram in the middle represents a soft graviton that is connected
to an internal leg.
Consider the contraction of the first type. By virtue of the soft theorem [2], each such
contraction contributes
η κ
pµpν
2p · k 
r
µν(k)M , (4.14)
where η = +1 for an outgoing state and η = −1 for an incoming state, and
M≡ 〈0| Ψˆoute−RfSeRf Ψˆin |0〉 (4.15)
is the amplitude without the soft graviton. Let us briefly review the derivation of (4.14).
Using the commutation relation (2.7), we derive the momentum-space contraction rule to
be
〈k, r|hµν = r,ρσ(k) 〈0|
∫
d˜3k′
[
aρσ(k), a
†
µν(k
′)
]
=
1
2
r,ρσ(k)Iρσµν 〈0|
= rµν(k) 〈0| ,
(4.16)
where we used (2.16) in the last line. One may consider this to be the external “wave-
function” of a graviton with polarization r. Next, we observe that the insertion of a soft
graviton to an external leg with momentum p adds a scalar propagator
−i
(p± k)2 +m2
k→0−−−→ ∓ i
2p · k (4.17)
and scalar-scalar-graviton vertex
iκ
2
(
pµ(p± k)ν + pν(p± k)µ − 1
2
ηµν
[
p · (p± k) +m2]) k→0−−−→ iκpµpν , (4.18)
where the upper (lower) sign is for an outgoing (incoming) state. Putting (4.16)-(4.18)
together, we recover the result (4.14) in the soft limit.
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Next, we will study the soft gravitons’ contractions of the second type, i.e. to the
clouds of gravitons. The incoming and outgoing asymptotic states can be written in terms
of single particle dressed states:
eRf Ψˆin |0〉 =
[∏
i∈in
b†(pi)eRf (pi)
]
|0〉 (4.19)
and
〈0| Ψˆoute−Rf = 〈0|
 ∏
j∈out
e−Rf (pj)b(pj)
 . (4.20)
The contraction of the soft graviton with the cloud gives
〈k, r| e±Rf (p) = ± 〈k, r|Rf (p)e±Rf (p)
= ±r,ρσ(k) 〈0| κ
2
∫
d˜3k′ fµν(k′, p)
[
aρσ(k), a
†
µν(k
′)
]
e±Rf (p)
= ±κ
4
fµν(p, k)Iµνρσ
r,ρσ(k) 〈0| e±Rf (p)
= ±κ
2
fµν(p, k)rµν(k) 〈0| e±Rf (p) ,
(4.21)
where the upper (lower) sign is for incoming (outgoing) particles.
Summing over all the diagrams and taking the soft limit results in
lim
ωk→0
ωkMk, soft = lim
ωk→0
ωk
× κ
2
∑
j∈out
pµj p
ν
j
pj · k
(
1− φ(pj , k)
)
−
∑
i∈in
pµi p
ν
i
pi · k
(
1− φ(pi, k)
)
− 1
ωk
∑
j∈out
c′µν(pj , k)φ(pj , k)−
∑
i∈in
cµν(pi, k)φ(pi, k)
 rµν(k)M,
(4.22)
where the c-matrix cµν (c
′
µν) was used to construct the incoming (outgoing) state. By
definition limωk→0 φ(p, k) = 1, and the first two sums inside the square brackets of (4.22)
vanish. The second line becomes
lim
ωk→0
κ
2
∑
j∈out
c′µν(pj , k)−
∑
i∈in
cµν(pi, k)
 rµν(k)M. (4.23)
With the parametrization (2.26), we observe that using the same q for incoming and out-
going states reduces this to
lim
ωk→0
κ
2
[
ωk
k · q
(
k · ptot
k · q q
µqν − 2qµpνtot
)]
rµν(k)M = 0, (4.24)
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since
ptot ≡
∑
j∈out
pj −
∑
i∈in
pi = 0 (4.25)
by energy-momentum conservation. For the general case where c′µν 6= cµν , we show at the
end of appendix B that processes with non-zero amplitudes can only occur between states
that satisfy ∑
j∈out
c′µν(pj , k) =
∑
i∈in
cµν(pi, k). (4.26)
Therefore, we conclude that
lim
ωk→0
ωkMk, soft = 0 . (4.27)
Since the creation operators annihilate the Bra vacuum, the action of the soft part of the
BMS supertranslations (3.32) is given by
〈0|T (f) = lim
ωk→0
ωk
4piκ
∫
d2z 〈0| [a−(ωkxˆ)D2zf + a+(ωkxˆ)D2z¯f] . (4.28)
The soft limit of the amplitude, equation (4.27), together with (4.28), then implies the
identity (4.10). Namely, the original vacuum state |0〉 and and the new state Tsoft(f) |0〉
are orthogonal.
5 BMS supertranslation of asymptotic states
We are now in a position to compute BMS supertranslations of a physical asymptotic state.
For simplicity we consider a single particle state with momentum p dressed with a graviton
cloud. The action of the supertranslation generator on the physical asymptotic state can
be decomposed into the following three pieces
〈0| e−Rf (p) b(p)T (f) = 〈0|T (f) e−Rf (p) b(p)
+ 〈0|
[
e−Rf (p) , T (f)
]
b(p)− 〈0| e−Rf (p) [T (f), b(p)] .
(5.1)
The first term in (5.1) is the action of BMS supertranslation on the vacuum. It will vanish
when contracted with an incoming (ket) state, by the result of previous section. The second
and third terms are the actions of BMS on the graviton cloud and on the massive particle,
respectively.
Let us first compute the commutator of Rf (p) and T (f),
[Rf (p), T (f)] =
κ
2
∫
d˜3k
(
fµν(p, k)rµν
[
a†r(k), T (f)
]
− h.c.
)
. (5.2)
Using (4.1) we arrive at
[Rf (p), T (f)] = −4pi2
∫
d˜3k
γzk z¯k
δ(ωk)
[
fµν(p, k)
(
−µνD
2
zf + 
+
µνD
2
z¯f
)
+ h.c.
]
= −pi2
∫
d2z
(2pi)3
ωk
[
fµν(p, k)
(
−µνD
2
zf + 
+
µνD
2
z¯f
)
+ h.c.
]
.
(5.3)
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Defining kˆz,z¯ ≡ (1, kˆz,z¯), the last expression takes the form
[Rf (p), T (f)] = −pi2
∫
d2z
(2pi)3
(
pµpν
kˆz,z¯ · p
+ cµν
)[(
−µν(kˆz,z¯)D
2
zf + 
+
µν(kˆz,z¯)D
2
z¯f
)
+ h.c.
]
,
(5.4)
where according to our convention the delta function yielded half the value of the integrand
at 0. Since r∗µν = −rµν , we arrive at
[Rf (p), T (f)] = −2pi2
∫
d2z
(2pi)3
(
pµpν
kˆz,z¯ · p
+ cµν
)(
−µν(kˆz,z¯)D
2
zf + 
+
µν(kˆz,z¯)D
2
z¯f
)
. (5.5)
Integrating by parts, we then have4
[Rf (p), T (f)] = −
∫
d2z
4pi
[
∂z∂
z¯
(
γzz¯
pµpν−µν
kˆz,z¯ · p
)
+ ∂z¯∂
z
(
γzz¯
pµpν+µν
kˆz,z¯ · p
)
+ C(p, z, z¯)
]
f ,
(5.6)
where we have defined
C(p, z, z¯) ≡ ∂z∂ z¯(γzz¯cµν−µν) + ∂z¯∂z(γzz¯cµν+µν). (5.7)
With ±µν = ±µ ±ν , we get
[Rf (p), T (f)] = −
∫
d2z
4pi
[
∂z∂
z¯
(
γzz¯
(p · −)2
kˆz,z¯ · p
)
+ ∂z¯∂
z
(
γzz¯
(p · +)2
kˆz,z¯ · p
)
+ C(p, z, z¯)
]
f .
(5.8)
An explicit calculation shows that
∂z∂
z¯
(
γzz¯
(p · −)2
kˆz,z¯ · p
)
= ∂z¯∂
z
(
γzz¯
(p · +)2
kˆz,z¯ · p
)
=
1
2
γzz¯
p4
(p · kˆz,z¯)3
. (5.9)
We therefore end up with
[Rf (p), T (f)] = −
∫
d2z
4pi
[
γzz¯
p4
(p · kˆz,z¯)3
+ C(p, z, z¯)
]
f . (5.10)
The first contribution,
p4
(p · kˆz,z¯)3
=
m4(
p · kˆz,z¯ −
√
m2 + |p|2
)3 , (5.11)
is the Aichelburg-Sexl gravitational field of a massive particle [27]. This is the gravitational
analogue of the Lienard-Wiechert electromagnetic radiation field of a moving charged par-
ticle.
We now see that the first term in the second line of (5.1) is equal to
〈0| e−Rf (p) [−Rf (p) , T (f)] b(p) , (5.12)
4Derivatives with upper indices are defined as usual by ∂z¯ = γz¯z∂z and ∂
z = γzz¯∂z¯.
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since [Rf (p) , T (f)] is a c-number. We therefore have
〈0| e−Rf (p) b(p)T (f) = 〈0|T (f) e−Rf (p) b(p)
− 〈0| e−Rf (p)
{
[Rf (p) , T (f)] b(p) + [T (f), b(p)]
}
.
(5.13)
From (4.8) and (5.10), we observe that the BMS of the bare particle and the momentum
dependent part of the BMS of the graviton cloud exactly cancel each other5. Finally, the
outgoing BMS charge between the two physical asymptotic states is then given by
〈0| Ψˆoutas TsoftSΨˆinas |0〉
〈0| Ψˆoutas SΨˆinas |0〉
= −
∑
j∈out
∫
d2z
4pi
C(pj , z, z¯)f(z, z¯). (5.14)
Similarly, one can also construct the BMS charge of an incoming physical asymptotic state.
The BMS charge (5.14) parameterizes the asymptotic state and is conserved as long as BMS
supertranslation is a symmetry of the system, in line with the discussion in section 2.
To better understand the meaning of the BMS charge and the implications of the BMS
symmetry, we end this section by looking at a BMS eigenstate defined as
〈ΩΛ|T (f) ≡
∫
d2z
4pi
Λ(z, z¯)f(z, z¯) 〈ΩΛ| , (5.15)
and which is related to the vacuum by
〈0| =
∫
D[Λ]e− 12 Λ2 〈ΩΛ| , where Λ2 =
∫
d2z
4pi
Λ2(z, z¯) . (5.16)
in a similar fashion to the case of QED [13]. The asymptotic states built from these
eigenstates are also eigenstates of BMS transformations
〈ΩΛ| e−Rf (p)b(p)T (f) = 〈ΩΛ| e−Rf (p)b(p)
∫
d2z
4pi
[Λ(z, z¯)− C(p, z, z¯)] f(z, z¯), (5.17)
and similarly their BMS charge is given by
〈ΩΛ| Ψˆoutas TsoftSΨˆinas |ΩΛ〉
〈ΩΛ| Ψˆoutas SΨˆinas |ΩΛ〉
=
∫
d2z
4pi
Λ(z, z¯)− ∑
j∈out
C(pj , z, z¯)
 f(z, z¯) (5.18)
The state |ΩΛ〉 belongs to a superselection sector which is characterized by its BMS charge.
We can now study the transition amplitude between two different BMS eigenstates by
computing the expectation value of the following commutator
〈ΩΛ1 |Ψˆoutas [T (f),S]Ψˆinas |ΩΛ2〉
=
∫
d2z
4pi
[Λ1(z, z¯)− Λ2(z, z¯)] f(z, z¯) 〈ΩΛ1 | Ψˆoutas SΨˆinas |ΩΛ2〉 ,
(5.19)
5Note that
√
γ = γzz¯.
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where we used (4.26) to remove the terms involving C(z, z¯). The left hand side of equation
(5.19) is the difference between the total incoming and outgoing BMS charges, which is
zero by the conservation law of the symmetry. The right hand side will vanish when either
Λ1 = Λ2 (5.20)
or
〈ΩΛ1 | Ψˆoutas SΨˆinas |ΩΛ2〉 = 0 for Λ1 6= Λ2 (5.21)
We therefore conclude that BMS symmetry implies that the amplitude for transition be-
tween different superselection sectors is zero, once the contribution of the FK clouds is
taken into account.
6 Discussion
In this paper we have studied the effect of BMS supertranslations on physical asymptotic
states in perturbative quantum gravity. These states were constructed in [4] using the
method of Kulish and Faddeev for QED [3] by dressing the Fock states with a cloud of soft
gravitons. BMS supertranslations, in turn, give rise to a freedom in the definition of the
vacuum. By acting with the BMS generator on the vacuum one generates a different state
which could equally serve as the zero energy state. Therefore there exists a family of states
generated by the action of BMS supertranslations on the vacuum. This is a continuous
family (or a moduli) which is parameterized by the BMS transformation parameter.
Let us summarize our main results. First, we have shown that all the states in this
family are orthogonal to each other once we take into account the contribution of the FK
clouds. In other words, the amplitude for transition between any two states in this family
is zero for any physical process. Second, we have computed the BMS charge of a physical
asymptotic state. The BMS charge is conserved if BMS supertranslation is a symmetry
of the system. It characterizes the superselection sector to which the state belongs and
the conservation law implies that there is no transition between different superselection
sectors.
We would now like to make a comment about the role of zero-momentum modes in our
computation. The boundary condition that is imposed on the gauge modes (3.23) alters
the canonical commutation relations (3.27). It implies that the two polarization modes, at
zero momentum, are related by
D2za−(0) = D
2
z¯a+(0) . (6.1)
and do not affect non-zero momentum modes. This is not surprising, since at zero mo-
mentum the two polarization modes are indistinguishable. However, the zero-momentum
modes do not enter into our computations. The reason is that all the external graviton
states that we have considered are soft, but nevertheless of non-zero momentum, and there-
fore do not contract with strictly zero momentum modes. Therefore it was safe for us to use
the canonical commutation relations. In [13], for example, the commutation relations of
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the zero-momentum modes were used and therefore the authors had to correct the results
by a factor of 2.
We end with a couple of future directions that we would like to pursue. In this paper
we have studied the soft dynamics in the asymptotic region of Minkowski spacetime. It will
be very interesting to use the same methods to study the soft dynamics near the black hole
horizon. In particular, we would like to understand the relation to the works of [15–17],
where the authors have studied the effect of BMS transformations on the black hole soft
hair, and to possibly extend their results. Another interesting direction would be to extend
our analysis to subleading orders in the soft approximation (see [28, 29] for recent works
on the subject).
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A Convergence constraints
Starting from the interaction term, one can show [4] that the graviton cloud operator is of
the form eR(t), where
R(t) =
κ
2
∫
d˜3p d˜3k ρ(p)
pµpν
p · k
(
a†µν(k)e
−i p·k
ωp
t − aµν(k)ei
p·k
ωp
t
)
. (A.1)
We used the shorthand notation (2.5), and ρ(p) = b†(p)b(p) is the number operator of the
scalar particle. eR(t) maps the Fock space HF to the Faddeev-Kulish asymptotic space Has,
i.e.
eR(t)HF = Has . (A.2)
An operator of the form eRf , where Rf is given by
Rf =
κ
2
∫
d˜3p d˜3k ρ(p)
(
fµν∗a†µν − fµνaµν
)
, (A.3)
can be constructed such that eRf also yields the Faddeev-Kulish asymptotic space:
Has = eRfHF . (A.4)
We wish to identify the constraints on fµν that allows the operator eRf to have this prop-
erty. To this end, let us use the Baker-Campbell-Hausdorff (BCH) formula to decompose
eR(t) as
eR(t) = eRf eR(t)−Rf e−
1
2
[Rf ,R(t)]. (A.5)
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Demanding that eR(t)−Rf and e−
1
2
[Rf ,R(t)] be unitary operators in the Fock space will yield
the desired property,
Has = eR(t)HF = eRf eR(t)−Rf e− 12 [Rf ,R(t)]HF = eRfHF . (A.6)
Let us start with e−[Rf ,R(t)]/2. The definitions (A.1) and (A.3) tell us that both Rf
and R(t) are anti-Hermitian. Since the commutator of two anti-Hermitian operators is
itself anti-Hermitian, e−[Rf ,R(t)]/2 is a unitary operator (up to normalization) as long as
the commutator converges. By direct calculation, we obtain
[Rf , R(t)] =
κ2
8
∫
d˜3p1 d˜3p2 d˜3k ρ(p1)ρ(p2)
× Iµνρσ
[
fµν∗(p1, k)Pρσ(p2, k)− fµν(p1, k)Pρσ∗(p2, k)
]
,
(A.7)
where
Pµν(p, k) ≡ p
µpν
p · k e
i p·k
ωp
t
. (A.8)
This commutator involves the k-integral∫
d3k
ωk
pρ2p
σ
2
p2 · kφ(p1, k)
{(
pµ1p
ν
1
p1 · k +
cµν∗
ωk
)
e
i
p2·k
ωp2
t −
(
pµ1p
ν
1
p1 · k +
cµν
ωk
)
e
−i p2·k
ωp2
t
}
, (A.9)
which has IR divergence if the leading term of cµν in k has non-zero imaginary part.
Therefore, the unitarity of e−
1
2
[Rf ,R(t)] demands
c∗µν(p, k)− cµν(p, k) = O(k). (A.10)
The subleading terms of cµν does not contribute to the commutator (A.7); the asymptotic
time t is taken to be very large, i.e. |t| → ∞, and by virtue of the Riemann-Lebesgue
lemma, the only contribution comes from small k.
Next, we consider eR(t)−Rf . Using the BCH formula to write this in a normal-ordered
form, we obtain
eR(t)−Rf = exp
{
−κ
2
16
∫
d˜3p1 d˜3p2 d˜3k ρ(p1)ρ(p2)
(Pµν∗1 − fµν∗1 ) Iµνρσ (Pρσ2 − fρσ2 )}
× exp
{
κ
2
∫
d˜3p d˜3k ρ(p) (Pµν∗ − fµν∗) a†µν
}
× exp
{
−κ
2
∫
d˜3p d˜3k ρ(p) (Pµν − fµν) aµν
}
,
(A.11)
where Pµνi ≡ Pµν(pi, k) and fµνi ≡ fµν(pi, k) for i = 1, 2. The first exponential involves an
integrand of the form
1
ωk
(Pµν∗1 − fµν∗1 ) Iµνρσ (Pρσ2 − fρσ2 ) k→0−−−→ 1ω3k cµν∗(p1, k)Iµνρσcρσ(p2, k). (A.12)
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Due to the gauge constraint (2.18), the leading term of cµν cannot cancel any poles 1/ωk
in this limit, meaning that the integral exhibits IR divergence unless the leading term of
(A.12) in k vanishes. Using (A.10) to write cµν∗ = cµν + O(k) in (A.12), we find that the
following constraint,
cµν(p1, k)Iµνρσc
ρσ(p2, k) = O(k) for all p1 and p2, (A.13)
is sufficient for eR(t)−Rf to form a unitary operator. Notice that when this is satisfied, the
last two exponentials (A.11) form unitary operators in the Fock space as well.
The subleading O(k) terms in (A.13), which also include the subleading terms in (A.10)
due to rewriting cµν∗ = cµν + O(k), give a finite value to the k-integral in (A.11). These
terms therefore only contribute to the normalization of the states and can be ignored.
B Cancellation of infrared divergence
By constructing asymptotic states analogous to that of Faddeev and Kulish [3], IR diver-
gence in gravity was shown [4] to cancel to all loop orders for single-particle asymptotic
states by making a convenient choice of cµν , i.e. c
µν(p, k)±µν(k) = 0. Here we generalize
this to multi-particle asymptotic states using a general cµν that is only subject to the basic
constraints (2.18)-(2.20). We will set φ(p, k) = 1 without any loss of generality since this
only changes the overall normalization of the states.
The equations involved will turn out to be cumbersome, so let us begin by laying down
some shorthand notations. We remind the reader that the dressed creation and annihilation
operators of the scalar particle take the form
eRf (p)b†(p) = exp
[
κ
2
∫
d˜3k
(
fµν(p, k)a
†µν(k)− fµν(p, k)aµν(k)
)]
b†(p) (B.1)
e−Rf (p)b(p) = exp
[
−κ
2
∫
d˜3k
(
fµν(p, k)a
†µν(k)− fµν(p, k)aµν(k)
)]
b(p) . (B.2)
The dressings e±Rf (p) commute with the undressed operators b, b†. If we define
Sµν(p, k) =
κ
2
fµν(p, k) (B.3)
Pµν(p, k) =
κ
2
(
pµpν
p · k
)
(B.4)
Cµν(p, k) =
κ
2
cµν(p, k)
ωk
(B.5)
so that Sµν = Pµν + Cµν , we have
eRf (p)b†(p) = exp
[∫
d˜3k
(
Sµν(p, k)a
†µν(k)− Sµν(p, k)aµν(k)
)]
b†(p) (B.6)
e−Rf (p)b(p) = exp
[
−
∫
d˜3k
(
Sµν(p, k)a
†µν(k)− Sµν(p, k)aµν(k)
)]
b(p). (B.7)
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We will use the superscript “in” (“out”) to denote the quantity summed over all incoming
(outgoing) scalar particles. The superscript “tot” will denote the difference between “out”
and “in”. For example,
Sinµν(k) =
∑
i∈in
Sµν(pi, k), S
out
µν (k) =
∑
i∈out
Sµν(pi, k), S
tot
µν = S
out
µν − Sinµν , (B.8)
P inµν(k) =
∑
i∈in
Pµν(pi, k), P
out
µν (k) =
∑
i∈out
Pµν(pi, k), P
tot
µν = P
out
µν − P inµν , (B.9)
C inµν(k) =
∑
i∈in
Cµν(pi, k), C
out
µν (k) =
∑
i∈out
Cµν(pi, k), C
tot
µν = C
out
µν − C inµν . (B.10)
We will sometimes write
Snµν ≡ Sµν(pn, k) (B.11)
in contexts where the graviton momentum k is unambiguous.
B.1 Sources of infrared divergence
Listed below are the possible sources of IR divergence:
1. Virtual gravitons. It is well known that only the virtual gravitons connecting two
external legs produce IR divergence, and that their contribution exponentiates [2].
This contribution takes the form [4]
exp
[
− κ
2
128pi3
∑
n,m
∫
d3k
ωk
ηnηm
[
(pn · pm)2 − (1/2)p2np2m
]
(pn · k)(pm · k)
]
, (B.12)
where each sum runs over the external particles. η = +1 for an outgoing particle,
and η = −1 for an incoming particle.
2. Real gravitons. External soft gravitons are another source of IR divergence [2]. In this
section the external states will involve gravitons only in the form of Faddeev-Kulish
clouds.
3. Interacting gravitons. We reserve the term “interacting” to denote the gravitons that
connect a Faddeev-Kulish cloud to either an external or an internal leg. We follow
the procedure analogous to the work of Chung [19] to factor out the IR divergence
from this type of contribution.
4. Cloud-to-cloud gravitons. These gravitons propagate from one cloud to another. We
can further group these into two types:
(a) “Disconnected” gravitons. We will use this term to denote gravitons that con-
nect the cloud of an incoming particle with the cloud of an outgoing particle.
(b) In-to-in/out-to-out gravitons. In-to-in (out-to-out) gravitons connect two in-
coming (outgoing) clouds. Note that the graviton can be emitted and absorbed
by the same cloud, see figures 5(b) and 5(c).
– 24 –
B.2 Single-particle external states, cancellation to one loop
We start with the case of single-scalar in, single-scalar out, and show that the divergent
factors cancel to second-order in the interaction. In the next subsection we will see how
this generalizes to multiple-scalar in, multiple-scalar out, and show the cancellation to all
orders of interaction.
Consider the single-scalar asymptotic in-state
|i〉 = eRf (pi)b†(pi) |0〉 (B.13)
= exp
[∫
d˜3k
(
Siµνa
†µν − Siµνaµν
)]
b†(pi) |0〉 . (B.14)
The commutator[(∫
d˜3k Siµνa
†µν
)
,
(
−
∫
d˜3k Siµνa
µν
)]
=
1
2
∫
d˜3k SiµνI
µνρσSiρσ (B.15)
is a c-number, so we can use the BCH formula eA+B = eAeBe−
1
2
[A,B] to write
exp
[∫
d˜3k
(
Siµνa
†µν − Siµνaµν
)]
= exp
(∫
d˜3k Siµνa
†µν
)
exp
(
−
∫
d˜3k Siµνa
µν
)
exp
(
−1
4
∫
d˜3k SiµνI
µνρσSiρσ
)
.
(B.16)
Therefore, the in-state may be written as
|i〉 = exp
(
−1
4
∫
d˜3k SiµνI
µνρσSiρσ
)
exp
(∫
d˜3k Siµνa
†µν
)
b†(pi) |0〉 , (B.17)
since aµν commutes with b† and annihilates the vacuum. To the lowest order, this is
|i〉 =
(
1− 1
4
∫
d˜3k SiµνI
µνρσSiρσ +
∫
d˜3k Siµνa
†µν
)
b†(pi) |0〉 . (B.18)
Similarly, we may write the asymptotic out-state as
〈f| = 〈0| b(pf )e−Rf (pf ) (B.19)
= 〈0| b(pf ) exp
[
−
∫
d˜3k
(
Sfµνa
†µν − Sfµνaµν
)]
(B.20)
= 〈0| b(pf ) exp
(∫
d˜3k Sfµνa
µν
)
exp
(
−1
4
∫
d˜3k SfµνI
µνρσSfρσ
)
, (B.21)
or to the lowest order,
〈f| = 〈0| b(pf )
(
1− 1
4
∫
d˜3k SfµνI
µνρσSfρσ +
∫
d˜3k Sfµνa
µν
)
. (B.22)
We will now demonstrate that an amplitude of the form 〈f|S|i〉 is free of IR divergence.
Let us begin with the contribution of virtual gravitons. Diagrams that fall into this
category are given in figure 3. (B.12) sums up these contributions, which in our case of
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(a) (b) (c)
Figure 3: Contributions of a virtual graviton.
(a) (b) (c) (d)
Figure 4: Contributions of interacting gravitons.
single particle external states can be written as
exp
[
−κ2
∑
n,m
∫
d3k
128pi3ωk
ηnηm
[
(pn · pm)2 − (1/2)p2np2m
]
(pn · k)(pm · k)
]
(B.23)
≈ 1− κ2
∑
n,m
∫
d3k
128pi3ωk
ηnηm
[
(pn · pm)2 − (1/2)p2np2m
]
(pn · k)(pm · k) (B.24)
= 1 +
κ2
128pi3
∫
d3k
ωk
[
p4f
2(pf · k)2 +
p4i
2(pi · k)2 − 2
(
(pf · pi)2 − 12p2fp2i
(pf · k)(pi · k)
)]
. (B.25)
Thus we find the contribution A
(1)
virt of virtual gravitons to be
A
(1)
virt =
κ2
128pi3
∫
d3k
ωk
[
p4f
2(pf · k)2 +
p4i
2(pi · k)2 − 2
(
(pf · pi)2 − 12p2fp2i
(pf · k)(pi · k)
)]
, (B.26)
where the superscript (1) emphasizes that this is the leading term in the interaction.
Next, we consider the contributions of interacting gravitons. There are four diagrams
that are IR-divergent, which are shown in figure 4. Contribution from figure 4(a) yields a
factor of ∫
d˜3k Sfµν
1
2
Iµνρσ
( −i
2pf · k
)(
iκpfρp
f
σ
)
=
1
2
∫
d˜3k SfµνI
µνρσP fρσ , (B.27)
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(a) (b) (c)
Figure 5: Contributions of cloud-to-cloud gravitons.
where −i/2pf · k is the propagator, iκpfρpfσ comes from the vertex rule, and the rest comes
from the contraction of an outgoing cloud and hρσ(x). Similarly, diagrams (b), (c) and (d)
contribute the following factors respectively:
−1
2
∫
d˜3k SfµνI
µνρσP iρσ (B.28)
−1
2
∫
d˜3k SiµνI
µνρσP fρσ (B.29)
1
2
∫
d˜3k SiµνI
µνρσP iρσ (B.30)
The net contribution of interacting graviton is the sum of (B.27)-(B.30), which reads
1
2
∫
d˜3k
(
Sfµν − Siµν
)
Iµνρσ
(
P fρσ − P iρσ
)
=
1
2
∫
d˜3k Stotµν I
µνρσP totρσ . (B.31)
The last contribution comes from the cloud-to-cloud gravitons. There are three dia-
grams that correspond to this category, shown in figure 5. Figure 5(a) shows the “discon-
nected” graviton line. Recalling that the initial and final states are
|i〉 =
(
1− 1
4
∫
d˜3k SiµνI
µνρσSiρσ +
∫
d˜3k Siµνa
†µν
)
b†(pi) |0〉 (B.32)
〈f| = 〈0| b(pf )
(
1− 1
4
∫
d˜3k SfµνI
µνρσSfρσ +
∫
d˜3k Sfµνa
µν
)
, (B.33)
we can see that the disconnected line corresponds to the contraction of the last terms of
(B.32) and (B.33), ∫
d˜3k d˜3k′ Sµν(pf , k)Sρσ(pi, k′) 〈0|aµν(k)a†ρσ(k′)|0〉 (B.34)
=
1
2
∫
d˜3k SfµνI
µνρσSiρσ (B.35)
=
1
4
∫
d˜3k SfµνI
µνρσSiρσ +
1
4
∫
d˜3k SiµνI
µνρσSfρσ , (B.36)
where in the last equation we used the symmetry of Iµνρσ = ηµρηνσ + ηµσηνρ − ηµνηρσ
under (µν) ↔ (ρσ). Figures 5(b) and 5(c) are the out-to-out and in-to-in graviton lines,
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respectively. These contribute a factor coming from the second terms of (B.33) and (B.32),
−1
4
∫
d˜3k
(
SfµνI
µνρσSfρσ + S
i
µνI
µνρσSiρσ
)
, (B.37)
which, combined with (B.36), form the cloud-to-cloud contribution
−1
4
∫
d˜3k
(
Sfµν − Siµν
)
Iµνρσ
(
Sfρσ − Siρσ
)
= −1
4
∫
d˜3k Stotµν I
µνρσStotρσ . (B.38)
The leading contribution A
(1)
cloud involving the clouds can therefore be written as the
sum of (B.31) and (B.38):
A
(1)
cloud = −
1
4
∫
d˜3k Stotµν I
µνρσStotρσ +
1
2
∫
d˜3k Stotµν I
µνρσP totρσ . (B.39)
Noting that Stotµν = P
tot
µν + C
tot
µν , we write
A
(1)
cloud =
1
4
∫
d˜3k Iµνρσ
[
− (P totµν + Ctotµν ) (P totρσ + Ctotρσ )+ 2 (P totµν + Ctotµν )P totρσ ] (B.40)
=
1
4
∫
d˜3k P totµν I
µνρσP totρσ −
1
4
∫
d˜3k Ctotµν I
µνρσCtotρσ . (B.41)
The second term involving the integral∫
d3k
ω3k
(
cfµν − ciµν
)
Iµνρσ
(
cfρσ − ciρσ
)
, (B.42)
derives solely from the interactions between graviton clouds. Note that in this case of
single-particle states, we cannot use different cµν for the incoming and outgoing particles,
since that will render the integral (B.42) divergent. This point will become more clear
when we study the case of multi-particle states in the next subsection. This term thus
vanishes due to the convergence constraint (2.20). Then we are left with
A
(1)
cloud =
1
4
∫
d˜3k P totµν I
µνρσP totρσ (B.43)
=
κ2
16
∫
d3k
(2pi)32ωk
(
pfµp
f
ν
pf · k −
piµp
i
ν
pi · k
)
Iµνρσ
(
pfρp
f
σ
pf · k −
piρp
i
σ
pi · k
)
(B.44)
=
κ2
128pi3
∫
d3k
ωk
[
p4f
2(pf · k)2 +
p4i
2(pi · k)2 − 2
(
(pf · pi)2 − 12p2fp2i
(pf · k)(pi · k)
)]
. (B.45)
This is precisely A
(1)
virt with the opposite sign, and therefore cancels the contribution of the
virtual gravitons.
B.3 Multi-particle external states, cancellation to all orders
To all loop orders, the contribution Avirt of soft gravitons in loops is given by (B.12), which
reads
Avirt = exp
[
− κ
2
128pi3
∑
n,m
∫
d3k
ωk
ηnηm
[
(pn · pm)2 − (1/2)p2np2m
]
(pn · k)(pm · k)
]
(B.46)
= exp
(
−1
4
∑
n,m
ηnηm
∫
d˜3k PnµνI
µνρσPmρσ
)
, (B.47)
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where the summation indices n and m run over all external particles.
Next we compute the interacting gravitons’ contribution. To this end, let us first
examine how the insertion of a soft graviton affects the amplitude of a diagram, following
the procedure analogous to that of Chung [19] for QED. Suppose we have a diagram with
amplitude M (0) that does not contain any soft gravitons. Inserting a soft graviton aµ1ν1(k1)
or a†µ1ν1(k1) will give us a new amplitude
M (1)µ1ν1(k1) = ±P totµ1ν1(k)M (0) + ξ˜µ1ν1(k1), (B.48)
where the net soft factor P totµ1ν1(k) comes from attaching the graviton to the external legs,
and ξ˜µ1ν1(k1) comes from attaching it to the body of the diagram and does not contain
IR divergence in k1. The + (−) sign corresponds to emission (absorption) of the graviton.
The Lorentz indices µ1 and ν1 will eventually contract with the clouds
∫
d˜3k Sρσ
1
2I
ρσµν ,
but we will leave them free for now. We can see that an amplitude M
(n)
µ1ν1···µnνn with n real
soft gravitons may be written as
M
(n)
µ1ν1···µnνn(k1, · · · , kn) = ±P totµnνn(kn)M (n−1)µ1ν1···µn−1νn−1(k1, · · · , kn−1)
+ ξ˜µ1ν1···µnνn(k1, · · · , kn−1; kn),
(B.49)
where ξ˜µ1ν1···µnνn(k1, · · · , kn−1; kn) does not contain IR divergence in kn. We know from
[30] that such equation can be unwound as a sum over all permutations of the gravitons,
in this case represented by the labels (µ, ν, k)’s:
M
(n)
µ1ν1···µnνn(k1, · · · , kn) =
n∑
s=0
∑
Perm
(µ,ν,k)
(−1)m
s!(n− s)!
[
s∏
i=1
P totµiνi(ki)
]
ξµs+1νs+1···µnνn(ks+1, · · · , kn),
(B.50)
where m is the number of absorbed gravitons and ξ’s are some IR-convergent functions
symmetric in the gravitons, or equivalently in the labels (µ, ν, k)’s.
We will examine the amplitude of a diagram with N (N ′) interacting soft gravitons
that connect to the clouds of incoming (outgoing) scalars. This puts n = N +N ′, so let us
write
M
(N+N ′)
µ1ν1···µN+N′νN+N′ (k1, · · · , kN+N ′) = (−1)N
N+N ′∑
s=0
∑
Perm
(µ,ν,k)
M
(N+N ′,s)
µ1ν1···µN+N′νN+N′ (k1, · · · , kN+N ′)
s!(N +N ′ − s)!
(B.51)
with the restricted amplitude defined by
M
(n,s)
µ1ν1···µnνn(k1, · · · , kn) ≡
[
s∏
i=1
P totµiνi(ki)
]
ξµs+1νs+1···µnνn(ks+1, · · · , kn), (B.52)
representing the sum of all diagrams where the first s gravitons connect to external legs
and the rest to internal legs. One such diagram is shown in figure 6. The product
∏
i P
tot
µiνi
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Figure 6: A diagram with nin incoming, nout outgoing scalar particles, and N + N
′
interacting gravitons. The loose ends of graviton lines connect to the clouds, which are
not drawn here. There are s gravitons (colored red) connected to external legs, each
contributing an IR-divergent factor ±Pµν . The remaining N + N ′ − s gravitons (colored
blue) connect to the internal legs and constitute the IR-convergent part ξ.
is the IR-divergent factor due to the gravitons (red in the figure) connecting to external
legs. The function ξµs+1νs+1··· is the contribution of the remaining gravitons (blue in the
figure) connecting to internal legs. One can see that M
(n,s)
µ1ν1··· is symmetric in the in the
first s and the last N +N ′ − s labels (µ, ν, k). The expression∑
Perm
(µ,ν,k)
1
s!(N +N ′ − s)!M
(N+N ′,s)
µ1ν1···µN+N′νN+N′ (k1, · · · , kN+N ′) (B.53)
hence represents the sum of all diagrams that have N +N ′ interacting gravitons where any
s of them are connected to the external legs. Since M
(N+N ′)
µ1ν1··· sums over these diagrams for
all 0 ≤ s ≤ N + N ′, apart from the factor (−1)N , it represents the amplitude (with loose
ends) of a process involving N +N ′ interacting gravitons.
Now we connect the loose ends to the graviton clouds. Let us restrict our attention
to a specific configuration, where the ith (jth) incoming (outgoing) cloud has Ni (N
′
j)
interacting gravitons connected to it, so that
∑
i∈inNi = N and
∑
j∈outN
′
j = N
′. Later we
will sum over all possible configurations. As we saw in the case of a single-particle state,
connecting a graviton to the cloud of an external particle having momentum p amounts to
contracting with an expression of the form
1
2
∫
d˜3k Sµν(p, k)I
µνρσ. (B.54)
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The Lorentz indices ρ and σ contract with the indices of the corresponding loose end. After
connecting all loose ends, we will have N + N ′ copies of these integrals with varying mo-
menta p, their Lorentz indices contracted with M
(N+N ′)
µ1ν1··· . The order in which the gravitons
are connected is irrelevant as long as we have the same configuration ({Ni}, {N ′j}), because
in M
(N+N ′)
µ1ν1··· we are summing over all permutations of the loose ends. Since order does not
matter, let us simply connect the first N1 gravitons (µ1, ν1, k1), · · · , (µN1 , νN1 , kN1) to the
first incoming cloud, the next N2 gravitons to the second cloud, and so on. By the time
we exhaust all of the incoming clouds, we would have connected N gravitons, leaving us
with N ′ loose ends. Then, we repeat this procedure for the outgoing clouds - connect the
first N ′1 among the N ′ leftover gravitons to the first outgoing cloud, etc. For notational
simplicity, let us define the sequence
(ai)
N+N ′
i=1 =
( N︷ ︸︸ ︷
p1, · · · , p1︸ ︷︷ ︸
N1
, p2, · · · , p2︸ ︷︷ ︸
N2
, · · · , pnin , · · · , pnin︸ ︷︷ ︸
Nnin
,
N ′︷ ︸︸ ︷
p′1, · · · , p′1︸ ︷︷ ︸
N ′1
, · · · , p′nout , · · · , p′nout︸ ︷︷ ︸
N ′nout
)
.
(B.55)
Using this, we can connect all loose ends by writing[
N+N ′∏
r=1
1
2
∫
d˜3kr S
ar
µνI
µνρrσr
]
M
(N+N ′)
ρ1σ1···ρN+N′σN+N′ (k1, · · · , kN+N ′), (B.56)
where Sarµν ≡ Sµν(ar, k). Writing out the expression for M (N+N
′)
ρ1σ1··· , we obtain
(−1)N
N+N ′∑
s=0
[
N+N ′∏
r=1
1
2
∫
d˜3kr S
ar
µνI
µνρrσr
]
×
∑
Perm
(ρ,σ,k)
[
1
s!
s∏
i=1
P totρiσi(ki)
]
ξρs+1σs+1···ρN+N′σN+N′ (ks+1, · · · , kN+N ′)
(N +N ′ − s)! .
(B.57)
The summand of
∑
s is the sum of all diagrams where s of the N+N
′ interacting gravitons
are being connected to external legs. For a given s, let us say there are si (s
′
i) gravitons
connecting the ith (jth) incoming (outgoing) cloud to external legs, so that
∑
i∈in si +∑
j∈out s
′
j = s. Then, instead of summing over the total number s, we can sum over each
of the numbers si an s
′
i. This yields
(−1)N
[∏
i∈in
Ni∑
si=0
] ∏
j∈out
N ′j∑
s′j=0
[N+N ′∏
r=1
1
2
∫
d˜3kr S
ar
µνI
µνρrσr
]
×
∑
Perm
(ρ,σ,k)
[
1
s!
s∏
i=1
P totρiσi(ki)
]
ξρs+1σs+1···ρN+N′σN+N′ (ks+1, · · · , kN+N ′)
(N +N ′ − s)! ,
(B.58)
where s is now defined as s =
∑
i∈in si +
∑
j∈out s
′
j . Among the N + N
′ copies of
1
2
∫
d˜3k SµνI
µνρσ, s copies will contract with
∏
Pρσ (corresponding to external legs) and
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form the IR-divergent factor; the remaining N + N ′ − s copies will contract with ξρσ···
and end up in the IR-convergent part. For the ith incoming cloud, there are Ni copies of
1
2
∫
d˜3k SµνI
µνρσ but only si copies of
∏
P totρσ , which indicates that we get
(
Ni
si
)
identical
contractions. By the same token, the jth outgoing cloud has
(N ′j
s′j
)
identical contractions.
Therefore, contracting the indices and distributing (−1)N yields[∏
i∈in
Ni∑
si=0
(
Ni
si
)(
−1
2
∫
d˜3k SiµνI
µνρσP totρσ
)si] ∏
j∈out
N ′j∑
s′j=0
(
N ′j
s′j
)(
1
2
∫
d˜3k SjµνI
µνρσP totρσ
)s′j
× M˜′N1−s1,··· ,Nnin−snin ,N ′1−s′1,··· ,N ′nout−s′nout ,
(B.59)
where M˜′N1−s1,··· is the IR-convergent part of the amplitude (from the contractions with
ξ), given by
M˜′N1−s1,··· ,Nnin−snin ,N ′1−s′1,··· ,N ′nout−s′nout = (−1)
∑
i∈in(Ni−si)
×
[
N+N ′−s∏
r=1
1
2
∫
d˜3kr S
a′r
µνI
µνρrσr
]
ξρ1σ1···ρN+N′−sσN+N′−s(k1, · · · , kN+N ′−s).
(B.60)
Here we used a sequence a′ similar to (B.55) to simplify the notation:
(
a′i
)N+N ′−s
i=1
≡
( N−∑i si︷ ︸︸ ︷
p1, · · · , p1︸ ︷︷ ︸
N1−s1
, · · · , pnin , · · · , pnin︸ ︷︷ ︸
Nnin−snin
,
N ′−∑j s′j︷ ︸︸ ︷
p′1, · · · , p′1︸ ︷︷ ︸
N ′1−s′1
, · · · , p′nout , · · · , p′nout︸ ︷︷ ︸
N ′nout−s′nout
)
. (B.61)
The first line of (B.59) is the IR-divergent contribution of the configuration ({Ni},{N ′j})
factored out of the amplitude.
There is a combinatorial factor that accompanies (B.59), and to compute this we have
to take into account other types of contributing gravitons. A cloud has three types of
gravitons attached to it: the interacting gravitons, the disconnected gravitons, and the
in-to-in/out-to-out gravitons. The in-to-in and out-to-out gravitons will later be treated
separately, so for the moment let us assume that there are only the first two types. Let li (l
′
j)
denote the number of disconnected gravitons attached to a cloud of an incoming (outgoing)
scalar. l is the total number of disconnected graviton lines, so that
∑
i li =
∑
j l
′
j = l. A
cloud with Ni interacting and li disconnected graviton lines attached to it involves Ni + li
graviton creation/annihilation operators, which means it comes from the (Ni + li)-th term
in the Taylor expansion of e±Rf (p). This term is accompanied by the factor 1/(Ni + li)!.
Since there are
(
Ni+li
Ni
)
= (Ni+ li)!/li!Ni! ways to group these into interacting/disconnected
gravitons, this cloud has a net factor of 1/li!Ni!. This applies to every incoming and
outgoing cloud, and therefore the configuration ({Ni, li}, {N ′j , l′j}) has a net combinatorial
factor of [∏
i∈in
1
li!Ni!
] ∏
j∈out
1
l′j !N
′
j !
 . (B.62)
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Multiplying this with (B.59) yields[∏
i∈in
1
li!
Ni∑
si=0
1
si!
(
−1
2
∫
d˜3k SiµνI
µνρσP totρσ
)si] ∏
j∈out
1
l′j !
N ′j∑
s′j=0
1
s′j !
(
1
2
∫
d˜3k SjµνI
µνρσP totρσ
)s′j
× M˜N1−s1,··· ,Nnin−snin ,N ′1−s′1,··· ,N ′nout−s′nout ,
(B.63)
where
M˜j1,j2,··· ,jnin ,j′1,j′2,··· ,j′nout ≡
M˜′j1,j2,··· ,jnin ,j′1,j′2,··· ,j′nout
j1!j2! · · · jnin !j′1!j′2! · · · j′nout !
(B.64)
is the the rescaled finite amplitude.
We also have the contribution from the disconnected gravitons. A graviton line con-
necting the ith incoming cloud to the jth outgoing cloud contributes a factor
1
2
∫
d˜3k Sµν(p
′
j , k)I
µνρσSρσ(pi, k). (B.65)
Summing over all possible disconnected lines therefore contributes the factor
l!
1
2
∑
n∈out
m∈in
∫
d˜3k SnµνI
µνρσSmρσ

l
= l!
[
1
2
∫
d˜3k Soutµν I
µνρσSinρσ
]l
, (B.66)
where l! is the number of ways we can pair l incoming gravitons with l outgoing gravitons.
The product of (B.63) and (B.66) form the contribution of a single configuration
({Ni, li}, {N ′j , l′j}). Taking these two expressions and summing over all Ni, N ′j , li, l′j , and
l gives us the amplitude
∞∑
l=0
∑
∑
li=l
∑
∑
l′j=l
∑
{Ni}
∑
{N ′j}
l!
[
1
2
∫
d˜3k Soutµν I
µνρσSinρσ
]l
×
[∏
i∈in
1
li!
Ni∑
si=0
1
si!
(
−1
2
∫
d˜3k SiµνI
µνρσP totρσ
)si]
×
 ∏
j∈out
1
l′j !
N ′j∑
s′j=0
1
s′j !
(
1
2
∫
d˜3k SjµνI
µνρσP totρσ
)s′jM˜N1−s1,··· ,Nnin−snin ,N ′1−s′1,··· ,N ′nout−s′nout .
(B.67)
Let us use the identity ∑
∑
li=l
l!
l1!l2! · · · lnin !
= 1 (B.68)
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to eliminate the li’s and l
′
j ’s, and rearrange the sums
∞∑
Ni=0
Ni∑
si=0
→
∞∑
si=0
∞∑
Ni=si
→
∞∑
si=0
∞∑
mi=0
(B.69)
with mi ≡ Ni − si, after which (B.67) becomes
∞∑
l=0
1
l!
[
1
2
∫
d˜3k Soutµν I
µνρσSinρσ
]l [∏
i∈in
∞∑
si=0
∞∑
mi=0
1
si!
(
−1
2
∫
d˜3k SiµνI
µνρσP totρσ
)si]
×
 ∏
j∈out
∞∑
s′j=0
∞∑
m′j=0
1
s′j !
(
1
2
∫
d˜3k SjµνI
µνρσP totρσ
)s′jM˜m1,··· ,mnin ,m′1,··· ,m′nout .
(B.70)
The divergent factors exponentiate, leaving us with
exp
(
1
2
∫
d˜3k Soutµν I
µνρσSinρσ +
1
2
∫
d˜3k Stotµν I
µνρσP totρσ
)
M˜ , (B.71)
where the leftover, IR-finite part M˜ of the amplitude is given by
M˜ ≡
[∏
i∈in
∞∑
mi=0
] ∏
j∈out
∞∑
m′j=0
M˜m1,··· ,mnin ,m′1,··· ,m′nout . (B.72)
Now we consider the contribution of the in-to-in and out-to-out gravitons. These
contributions manifest themselves in the form of normalization of the in- and out-states.
In the single-particle case, we used the BCH formula to discard the annihilation operators.
We should be more careful in doing so when dealing with the general case of multi-particle
state. Consider for example the following two-particle state:
|i〉 = eRf (p1)b†(p1)eRf (p2)b†(p2) |0〉 (B.73)
= exp
(∫
d˜3k S1µνa
†µν
)
exp
(
−
∫
d˜3k S1µνa
µν
)
exp
(
−1
4
∫
d˜3k S1µνI
µνρσS1ρσ
)
× exp
(∫
d˜3k S2µνa
†µν
)
exp
(
−1
4
∫
d˜3k S2µνI
µνρσS2ρσ
)
b†(p1)b†(p2) |0〉 .
(B.74)
We wish to eliminate exp
(
− ∫ d˜3k S1µνaµν) in (B.74), by commuting it all the way to
the vacuum; but it does not commute with exp
(∫
d˜3k S2µνa
†µν
)
, and thus this procedure
induces an extra factor. Since
eAeB = eA+Be
1
2
[A,B] = eB+Ae
1
2
[A,B] = eBeAe[A,B] (B.75)
for [A,B] ∈ C, the extra factor is
exp
{
−
∫
d˜3k d˜3k′ Sµν(p1, k)Sρσ(p2, k′)
[
aµν(k), a†ρσ(k′)
]}
(B.76)
= exp
{
−1
2
∫
d˜3k Sµν(p1, k)I
µνρσSρσ(p2, k)
}
(B.77)
= exp
{
−1
4
∫
d˜3k
(
S1µνI
µνρσS2ρσ + S
2
µνI
µνρσS1ρσ
)}
, (B.78)
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where in the last line we used the symmetry of Iµνρσ to write the expression in a symmetric
fashion. For a multi-particle in-state, we will get a factor of this form for each unordered
pair of incoming scalars. With a similar line of reasoning for a multi-particle out-state, the
total contribution of the in-to-in and out-to-out gravitons will result in a factor of
exp
{
−1
4
∫
d˜3k
(
SinµνI
µνρσSinρσ + S
out
µν I
µνρσSoutρσ
)}
. (B.79)
Multiplying (B.79) with the divergent factor in (B.71) gives us the expression for the net
divergent factor Acloud due to the amplitude interactions involving the clouds.
Acloud = exp
{
− 1
4
∫
d˜3k
(
SinµνI
µνρσSinρσ + S
out
µν I
µνρσSoutρσ
)
+
1
2
∫
d˜3k Soutµν I
µνρσSinρσ +
1
2
∫
d˜3k Stotµν I
µνρσP totρσ
} (B.80)
= exp
(
−1
4
∫
d˜3k Stotµν I
µνρσStotρσ +
1
2
∫
d˜3k Stotµν I
µνρσP totρσ
)
. (B.81)
Since Stotµν (k) = P
tot
µν (k) + C
tot
µν (k),
Acloud = exp
{
1
4
∫
d˜3k
[
− (P totµν + Ctotµν ) Iµνρσ (P totρσ + Ctotρσ )+ 2 (P totµν + Ctotµν ) IµνρσP totρσ ]}
(B.82)
= exp
{
1
4
∫
d˜3k
(
P totµν I
µνρσP totρσ − Ctotµν IµνρσCtotρσ
)}
(B.83)
= exp
(
1
4
∑
n,m
ηnηm
∫
d˜3k PmµνI
µνρσPnρσ
)
exp
(
−1
4
∫
d˜3k Ctotµν I
µνρσCtotρσ
)
(B.84)
The first exponential of (B.84) is the inverse of Avirt, so let us write
Acloud = (Avirt)
−1 exp(−aC) (B.85)
where a = κ2/256pi2 and
C ≡
∫
d3k
ω3k
∑
j∈out
cjµν −
∑
i∈in
ciµν
 Iµνρσ
∑
j∈out
cjρσ −
∑
i∈in
ciρσ
 . (B.86)
The factor e−aC derives solely from the interactions between graviton clouds. It only
contributes to the normalization of states, and we can use (2.20) to set C = 0. Therefore,
Acloud exactly cancels the divergent factor Avirt, proving the cancellation of IR divergence
to all orders.
Lastly, let us consider the general case where we use different dressings for the incoming
and outgoing state. Then, the expression (B.86) readily generalizes to
C ≡
∫
d3k
ω3k
ctotµν (k)I
µνρσctotρσ (k), with c
tot
µν (k) ≡
∑
j∈out
c′µν(pj , k)−
∑
i∈in
cµν(pi, k). (B.87)
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If ctotµν (k) does not vanish as k → 0, then C diverges and e−aC → 0, forcing the amplitude to
be zero. Non-zero amplitudes are therefore only allowed between asymptotic states whose
c-matrices satisfy ∑
j∈out
c′µν(pj , k) =
∑
i∈in
cµν(pi, k), (B.88)
up to subleading corrections of order O(k).
C BMS modes
In this appendix we review and extend on the work of [21, 25, 26] on the solutions of the
pure gauge mode λµ. The Laplace equation (2.30) in the hyperbolic system of coordinates
takes the form
∂ν∂
νλµ =
(4ρ
τ2
− ∂2τ
)
λµ = 0 , (C.1)
where
4ρ = (1 + ρ2)∂2ρ +
1
ρ
(2 + 3ρ2)∂ρ +
1
ρ2
(1 + zz¯)2∂z∂z¯ . (C.2)
At τ →∞ the only non-vanishing component of λµ is λτ ,
lim
τ→∞λτ (τ, ρ, z, z¯) = λ˜τ (ρ, z, z¯) , (C.3)
the asymptotic form of which obeys the following equation
4ρλ˜τ = n(n− 2)λ˜τ , (C.4)
where n = 3 in our case (for a U(1) gauge symmetry, n = 2). λ˜τ (ρ, z, z¯) can be written in
terms of the Green’s function
λ˜τ (ρ, z, z¯) =
∫
d2ωG(ρ, z, z¯;ω, ω¯)f(ω, ω¯) . (C.5)
The Green’s function obeys
4ρG = n(n− 2)G (C.6)
limρ→∞ ρ2−nG(ρ, z, z¯;ω, ω¯) = δ2(z − ω) . (C.7)
The two solutions to equation (C.6) are given by
G(ρ, z, z¯;ω, ω¯) = αf (n)(ρ, z, z¯;ω, ω¯) + βf (2−n)(ρ, z, z¯;ω, ω¯) (C.8)
where
f (n)(ρ, z, z¯;ω, ω¯) =
n− 1
2n−1
√
γ
2pi
(√
1 + ρ2 − ρ xˆz · xˆω
)−n
. (C.9)
The asymptotic of the function f (n) is
lim
ρ→∞ f
(n)(ρ, z, z¯;ω, ω¯) ∼
{
ρ−n, xˆz 6= xˆω
ρ+n, xˆz = xˆω
(C.10)
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and its integral over S2 asymptotes to
lim
ρ→∞ ρ
2−n
∫
d2ω f (n)(ρ, z, z¯;ω, ω¯) = 1 . (C.11)
The solution for the gauge mode therefore asymptotes to
lim
ρ→∞ λ˜τ (ρ, z, z¯) = α(z, z¯) ρ
n−2 (1 + . . . ) + β(z, z¯) ρ−n (1 + . . . ) , (C.12)
where the dots stand for subleading terms in 1/ρ. The α-series is leading and do not vanish
at time-like infinity ρ→∞. It is a Large Gauge Transformation. The β-series is subleading
and vanishes at time-like infinity.
We would now like to express the α and β modes in terms of the radiative data Czz and
Cz¯z¯. To do this we should study the solutions to equation (3.11) for the gauge mode ξµ.
At leading order, only the τ -component is non-vanishing and its solution can be written in
terms of the Green’s function
ξτ =
∫
d2ωG(ρ, z, z¯;ω, ω¯)
(
1
2
∂τh
B − ∂νhBτν
)
. (C.13)
Plugging the solution for the Green’s function, and the asymptotic form of the metric in
the Bondi gauge, we get for the α-mode
lim
ρ→∞ ξ
α
τ = ρ
n−2 (∂zUz¯ + ∂z¯Uz)I++ . (C.14)
By comparing to (C.12), we conclude that
α = (∂zUz¯ + ∂z¯Uz)I++ . (C.15)
To solve for the subleading β-mode in a similar way we have to study subleading correc-
tions to ξα. Here, we will not solve this problem explicitly, but instead give a heuristic
explanation based on properties of 2D conformal field theories. On S2 the leading α-mode
is a left mover, while the subleading β-mode is a right mover. This implies that the β-mode
is orthogonal to (C.15) and is therefore given by
β = i (∂zUz¯ − ∂z¯Uz)I++ . (C.16)
The factor of i is required to make β real. We leave the explicit analysis and further
exploration of this direction to future work. See [31] for a related work.
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